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Abstract
In this paper we suppose that the cosmological constant will change when the universe expends. For a
general consideration, the cosmological constant is assumed to be a function of scale factor and Hubble
constant. According to the ADM formulation, to the FRW metric, the extrinsic curvature I equals −6H2
and spatial curvature R equals 6k/a2. Therefore we suppose cosmological constant is a function of extrin-
sic curvature and spatial curvature. We investigate the cosmological evolution of FRW universe in these
models. At last we investigate two particular models which could fit the observation data about dark en-
ergy well. Actually a changeless cosmological constant is not essential. If when the universe expands, the
cosmological constant changes slowly and gradually flows to a constant, the observation data about dark
energy could also be fitted well by this kind of theory.
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I. INTRODUCTION
Eintein’s general relativity(GR) has been considered as a fundamental theory of gravity. Even
from an effective field theory point of view, it should describe all large scale gravitational physics,
in particular the evolution of our universe. However, the discovery of dark matter and dark energy
from various observation posed great challenge to the theory. To address the dark energy issues, the
most simplest method is adding a cosmological constant which is called ΛCDM model. The cos-
mological constant problem has been investigated by many papers such as [2–4] and so on. Many
other theories also have been proposed for the cosmic acceleration, for instance, Quintessence[5–
7], K-essence[8, 9], Phantom[10, 11], etc. And numerous versions of modification or extension of
GR have been proposed in the last and this century. The f (R(4)) theory [12–15] is one of the modi-
fications to GR. In this theory, the Lagrangian density f is an arbitrary function of R(4). The theory
can explain the cosmic acceleration without introducing a cosmological constant, even though the
theory would be very much restricted by the solar system test.
In this paper, we suppose the cosmological constant will change when the universe expends.
For the scalar factor and Hubble constant are main variable to characterize a universe, the cos-
mological constant is supposed to be a function of them. In the ADM formulation [1], the metric
is
ds24 = −N2dt2 + gi j(dxi − N idt)(dxi − N idt). (1)
the building block to construct the action is the gauge invariant quantity: the extrinsic curvature
tensor
Ki j =
1
2N
(
g˙i j − ∇iN j − ∇ jNi
)
, (2)
where a dot denotes a derivative with respect t, and the 3-dimensional spatial curvature R comes
from gi j. In terms of them, the action of GR with a cosmological constant is
S EH =
1
16piG
∫
dtd3x√gN
[
Ki jKi j − K2 + R − 2Λ
]
, (3)
where K = gi jKi j. And we define extrinsic curvature I as
I ≡ Ki jKi j − K2. (4)
The homogeneous and isotropic universe is described by the FRW metric,
ds2 = −dt2 + a(t)2
{
dr2
1 − kr2 + r
2
(
dθ2 + sin2 θdφ2
)}
, (5)
where k = 0,±1. To this FRW metric, After some trivial calculations, it is easy to get the extrinsic
curvature I = −6H2 and spatial curvature R = 6k/a2. Obviously I is proportional to the square
of Hubble constant and R is proportional to the inverse square on scalar factor a. Therefore we
suppose the cosmological constant Λ = Λ(I,R) as a function of extrinsic curvature I and spatial
curvature R.
For the calculational convenience, we define F(I,R) ≡ I + R − 2Λ(I,R) and the action of this
theory is
S F =
1
16piG
∫
dtd3x√gNF (I,R) (6)
This theory could be regard as an extension of f (R(4)) gravity model. In the next section, we
exhibit the basic equations by varying the action with respect to the function N, Nk , gi j. Then we
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investigate the cosmological evolution of FRW universe in these models. At last, we investigate
two particular models which could fit the observation data about dark energy well. Actually a
changeless cosmological constant is not essential. If the cosmological constant changes slowly
and gradually flows to a constant, the observation data about dark energy could also be fitted well
by this kind of theory.
II. BASIC EQUATIONS
Let us start from the action
S F =
1
16piG
∫
dtd3x√gNF (I,R) . (7)
Actually the action could be more general if F is an arbitrary function of “ gi j, K, Ki j,
∇iK jk, · · · ,∇i1∇i2 · · · ∇in K jk, · · · ,R,Ri j,Ri jkl,∇iR jk, · · · ”. In this paper we would like to focus on
the simplest case F = F (I,R). Now we consider the case that there are matters couple to the
gravity. The action should be
S = S F + S m =
∫
dtd3x√gN
[
1
16piG F (I,R) +Lm
]
. (8)
By varying the action with respect to the function N, Nk, gi j, we get the Hamiltonian constraint,
super-momentum constraint and dynamical equations,
JN =
1
16piG
[
F − 2F,II
]
, (9)
Jk =
1
8piG∇ j
[
F,Ipi jk
]
, (10)
−1
2
pi j =
1
16piG
{
− 1√gN ∂t
[√
gF,Ipii j
]
+
1
N
∇k
[
F,I
(
pii jNk − pik jN i − piikN j
)]
− 2F,I
[
KimK
m j − λKKi j
]
− F,RRi j +
(
∇i∇ j − gi j∇2
) (
NF,R
)
+
1
2
Fgi j
}
. (11)
pii j in above equations is defined as pii j = Ki j − λKgi j. And JN , Jk, pi j are defined as
JN ≡ −
δ(NLm)
δN
; Jk ≡ −N δLm
δNk
; pi j ≡ 2√g
δ
(√gLm)
δgi j
. (12)
If the matter could be taken to be the perfect liquid, then
ρm = JN , Jk = 0, pi j = pmgi j. (13)
The quantities
(
JN , Ji, pi j
)
should satisfy the conservation laws,
∂tg jk p jk +
2√g∂t
(√
gJN
)
+
2Nk√gN ∂t
(√
gJk
)
= 0, (14)
∇k pik −
1√gN ∂t
(√
gJi
)
− N
i
N
∇k Jk −
Jk
N
(
∇kN i − ∇iNk
)
= 0. (15)
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III. COSMOLOGICAL MODELS
The homogeneous and isotropic universe is described by the FRW metric,
ds2 = −c2dt2 + a(t)2
{
dr2
1 − kr2 + r
2
(
dθ2 + sin2 θdφ2
)}
, (16)
where k = 0,±1. The extrinsic curvature of the spatial slices is
Ki j =
1
c
a˙(t)
a(t)gi j; K =
1
c
3a˙(t)
a(t) . (17)
Then I = −6H2 where H ≡ a˙/a which is defined as Hubble constant. The spatial slices are of
constant-curvature
Ri j =
2k
a2(t)gi j; R =
6k
a2(t) . (18)
It can be shown that the momentum constraint (10) is satisfied identically when Jk = 0 for the
perfect fluid. From the Hamiltonian constraint (9) and the dynamical equation (11), and “c” is
rescaled to unity, we get two cosmological equations as
F + 12F,I
(
a˙
a
)2
= 16piGρm, (19)
2
[
F,I
a¨
a
+ ˙F,I
a˙
a
]
+ 4F,I
(
a˙
a
)2
− F,R
2k
a2
+
1
2
F = −8piGpm, (20)
with the energy conservation equation
ρ˙m + 3
a˙
a
(ρm + pm) = 0. (21)
The FRW equations with the matter and the dark energy could be rewritten as
(
a˙
a
)2
+
k
a2
=
8piG
3
(ρm + ρDE) , (22)
2
a¨
a
+
(
a˙
a
)2
+
k
a2
= −8piG (pm + pDE) . (23)
Here we have regarded the nonlinear terms in the equations (19),(20) as the dark energy effectively.
Comparing (22) to (19), (23) to (20), it is easy to get
8piGρDE = 3
(
1 − 2F,I
) ( a˙
a
)2
+
3k
a2
− 1
2
F, (24)
8piGpDE = 2
(
F,I − 1
) a¨
a
+ 2 ˙F,I
a˙
a
+
(
4F,I − 1
) ( a˙
a
)2
−
(
F,R +
1
2
)
2k
a2
+
1
2
F. (25)
So the equation of state ωDE is given by
ωDE = −1 +
2
(
F,I − 1
)
˙H + 2 ˙F,IH −
(
F,R − 1
) (
2k/a2
)
3
(
1 − 2F,I
)
H2 +
(
3k/a2) − (1/2) F . (26)
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From the data of WMAP + BAO + S Nb, the constraints on ωDE are ωDE0 = −0.999+0.057−0.056 [16]. We
now define a deceleration parameter
q = − a¨a
a˙2
. (27)
From equations (22)and(23), we get
q0 = −
ρDE0 − (1/2)ρm0
ρm0 + ρDE0 − 3k/(8piGa20)
= −ΩDE0 +
Ωm0
2
≈ −0.592, (28)
here we have used “ΩDE0 = 0.728,Ωm0 = 0.272” [16] from the data of WMAP + BAO + H0. The
critical density of the universe if defined as ρc ≡ 3H2/8piG. From (22) it is easy to get
ρc0 =
3H20
8piG = ρm0 + ρDE0 −
3k
8piGa20
. (29)
From above, The curvature density is defined as ρk ≡ −3k/(8piGa2). Now we could define
Ωk =
ρk
ρc
=
−k
a2H2
. (30)
The data of WMAP + BAO + S Nb give the constraints on curvature density, Ωk0 = −0.0057+0.0067−0.0068
[16]. Obviously, It is probable that k > 0 and the universe is close. If the universe is accelerating
as power-law that a(t) ∝ ty today, it is easy to get q0 = y(1 − y)/y2 = −0.592 and y = 2.451.
We consider the simple case that
− 2Λ(I,R) = g(I) + f (R). (31)
From (24) and (25), it is easy to get
8piGρDE = g,II −
1
2
g(I) − 1
2
f (R), (32)
8piGpDE = 2
(
g,I + 2g,III
)
˙H − g,II − f,R 2k
a2
+
1
2
g(I) + 1
2
f (R). (33)
The equation of state is
ωDE = −1 +
2
(
g,I + 2g,III
)
˙H − f,R(2k/a2)
g,II − (1/2)g(I) − (1/2) f (R) . (34)
Now we investigate a concrete model −2Λ(I,R) = αeβR, here R = 6k/a2 and we assume k > 0.
The state equation of this model is
ωDE = −1 +
2
3βR. (35)
It is easy to get −0.083 < βR0 < 0.087 from ωDE0 = −0.999+0.057−0.056 [16]. The coefficient α can be
fixed from the equation 8piGρDE0 = (−1/2)αeβR0 . From (21) and (22), the evolution equation of a
is
(
H
H0
)2
= Ωk0
(
a0
a
)2
+ ΩDE0e
βR0{(a0/a)2−1} + Ωm0
(
a0
a
)3
+ (1 − ΩDE0 − Ωm0 − Ωk0)
(
a0
a
)4
,
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where “ΩDE0 = 0.73,Ωm0 = 0.27,Ωr0 = 0.014 ”[16]. The details about the universe evolution
are shown in Fig. 1 and 2. Obviously in Fig. 1, the evolutions of deceleration parameter q for
βR0 = −0.01 or 0.01 are nearly identical to the case βR0 = 0 which corresponds to the ΛCDM
model. Fig. 2 shows that the state function ωDE flow to −1 quickly for the cases βR0 = −0.01 or
βR0 = 0.01 when ωDE identically equal to −1 for βR0 = 0.
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Figure 1: The deceleration parameter q = −a¨a/a˙2 as a function of a.
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Figure 2: The parameter ωDE as a function of a.
Another specific model is −2Λ(I,R) = γeηI. The corresponding state equation is
ωDE = −1 +
2ηI
3
1 + 2ηI
1 − 2ηI
˙H
H2
. (36)
When ωDE0 = −1, η has two solutions η = 0 and ηI0 = −1/2. When η = 0, it just is a ΛCDM
model. The attention will be put on the second case ηI0 = −1/2. The coefficient γ could be fixed
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from
8piGρDE0 = γηeηI0 I0 −
1
2
γeηI0 , (37)
and γ = −3e1/2ΩDE0H20 . The evolution equation of a is(
H
H0
)2
= Ωk0
(
a0
a
)2
+
1
2
ΩDE0
1 +
(
H
H0
)2 e 12 [1−(H/H0)2] + Ωm0
(
a0
a
)3
+ (1 −ΩDE0 −Ωm0 −Ωk0)
(
a0
a
)4
.
Similar to the discussion above, Fig. 3 is the evolution of deceleration parameter q which is similar
to ΛCDM model. Fig. 4 shows that the state function ωDE flow to −1 quickly.
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Figure 3: The deceleration parameter q = −a¨a/a˙2 as a function of a.
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Figure 4: The parameter ωDE as a function of a.
The two models discussed above could be regard as the modification to the ΛCDM model.
To address the dark energy issues, a changeless cosmological constant is not essential. If the
7
cosmological constant changes slowly and gradually flows to a constant, the observation data
about dark energy could also be fitted well by this kind of theory.
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